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Introduction

o Completely integrable 2D-lattices — periodic reduction —
coupled completely integrable systems with branched
dispersion [1], [2].

@ Using the periodic reduction on a 2D-lattice for which the
multi-solitons are known, one can easily construct the
multi-solitons for the corresponding coupled systems.

@ We are discussing a generalisation of the additive Bogoyav-
lensky equation (aB) to the multicomponent (matrix) case.
The aB is an integrable semidiscrete generalized Volterra type
equation [3]; a particular case - Lotka-Volterra [4], [5].

@ The Hirota bilinear formalism — complete integrability [6].
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The coupled semidiscrete aB system

The coupled semidiscrete additive Bogoyavlensky system with branched
dispersion has the form:

d N N
e (1) = Qs <En1 ; Qn+(t)Eqy — Eoy J:Zl an(t)En1> ; (1)

where Q,(t) = Q(n, t) is a diagonal matrix of complex functions u,(n, t),

v=1M:
u1(n, t) 0 0o ... 0
0 w(n, t) 0o ... 0
Qn(t) - 0 0 U3(n, t) ...... 0
0 0 o ... um(n, t)

and E;; and E,, are permutation matrices corresponding to the following
permutations:

(12 .. ..M /(12 . ... M
=\23 ... . 1) 2=\ mM12 ... M-1)
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The coupled semidiscrete Lotka-Volterra system

For any M and N =1, on the components, system (1) becomes
coupled semidiscrete Lotka-Volterra system [4], [5] and has
the following expression:

i = w(v2—um)
i = (U3 — u)

ip—1 = um—1(tm — um—2) (2)
iy = um(tr — um-_1)

where:

u, = u,(n,t), T, =u(n+1,t), uw=u(n-1t), v=1M.
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The Hirota bilinear form for coupled Lotka-Volterra

Starting from the coupled semidiscrete Lotka-Volterra sysytem (2)
with any M coupled equations, and using the nonlinear
substitution:

0 Fy+1

uy(n,t):l—i—aln o v=1,

M (3)

where: o
F,=F,(nt), F,=F,(n+1,1),

(2)

F,=F.(n+2t), F,=F,(n—2,t).

)
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The Hirota bilinear form for coupled Lotka-Volterra

we cast (2), which can be written in a compact manner as:

U, = u(Upr1 — Upsm-1), v=1M (4)
into the Hirota bilinear form:

_ _ @
DtFV-‘rl . Fu + Fu+1FV :Fu+2 FZ/+M717 (5)

F,(n,t) - complex function, D; - the Hirota bilinear operator [6]:

Dfa(t) - b(t) = (9 — Or)"a(t)b(t') | e=r'- (6)
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The 1-soliton solutions for coupled Lotka-Volterra

Ansatz for 1-ss:

Fo=1+e¢tem, v=1M, (7)

where:
m = k1n+w1t+17( )

(ki - wave number, wj - angular frequency, 77( ). arbitrary phase)
with M possible branches of dispersion for the soliton:

241 21 -
w1 (ky)=2 A+ sinh ky + a cosh kl} €1 € { 1% }, I=1,M.
2€1 €1
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The 2-soliton solutions for coupled Lotka-Volterra
The 2-ss:

F, =1+ tem peytem e tey~temtmtAn ) = 1M (8)

where:

nj—kn+wjt+ (0) j=1,2

the interaction phase:

eA12_(ek2€2 e 61)[ek161(1+ek1€1(1 + €k2€2)) ek 62(1 + ek2€2(1 + eklel))]
N (eklel — 1)(ek2€2 — 1)(ek1+k2€1€2 — 1)

with M possible branches of dispersion for each of the 2 solitons:

2 2
wj(kj)=2 G+l sinh k; + G -1 cosh ki|,¢; € {elzlcl’} I=1,M,j=
J\"J ) e J e YRERT — 4 ] =

,_.
N

j €j
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The multi-soliton solutions for coupled Lotka-Volterra

The N -soliton solution for (2) has the expressions for F,, (v =1,..., M):

N N
= S e[S wln+ -]+ > wimA; |, )
By ={0,1} i=1 1<i<y

where 7; = kjn+wjt+17}0), J =1,N, and the interaction term has teh form:

A — (ekfeJ- — ek’Ef)[ekief(l + ek"e,-(l + ekJEJ)) — ekfej(l + ekfej(l + ek"e;))]
(ekfe,- — 1)(e"fq — 1)(ek"+kf€,‘6j — 1)2

with the M branches of dispersion for each of the A/ solitons (k; is the wave
number of the j-soliton):
2 2
T +1 =1 i N
wj(kj)=2 EJ;_ sinh kj + 612 cosh kj}, € € {e'zw},/ =1,M,j=1,N.
€

€

The branches of dispersion are labelled by the index /. The parameter ¢; which
characterizes the j-soliton (j = 1, /) can have M values, the order M roots of

unity.
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The semidiscrete aB 2D-lattice

In order to solve the coupled semidiscrete aB system (1):

d N N
7t Q0l(®) = Qu(t) | En 3 Qnsi (0B — Ena 3 Quj(t)En, |
j=1 j=1

one could start from the completely integrable semidiscrete aB
2D-lattice (in two discrete dimensions):

d N N
2t Qm(8) = Qum(t) [ D Qnijmij(t) =Y Qnjimj(t) | (10)
j=1 j=1

Considering Q(n, m, t) to be a periodic function only with respect
to m and imposing periodic reduction on such coordinate in the
2D-lattice, one could obtain coupled systems of aB equations.
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The periodic 2-reduction on aB 2D-lattice

Now lets consider the periodic 2-reduction on the m direction

(meaning that Q, m(t) = Q(n, m, t) is a periodic function only
with respect to m and the period is 2). We omit writing the t
dependency for simplicity. This means that:

Q(n, m) = u1(n), Q(n,m+ 1) = up(n),

Q(n,m+2) = ui(n), Q(n,m—1) = up(n),
Introducing this reduction in (10) and denoting:

_ [©) (N)
ul(n—|—1): uy, ul(n+2) =uq, u1(n+N):u1

u(n—=1)=u, w(n—-2)=uw, w(n—N)=u
(2) (N)
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The periodic 2-reduction on aB 2D-lattice

we get precisely (for even N):

. ( @ (N W) )

uy = uw|+wm+..+ U +U0p —Uup—Uu—..— U + U1
(2) (N=-1) (N)

. ( @ Wy W) )

up = Ww|Uu1+uw+.+ U + Uy —Uup—Up—..— U1 +u].
(2) (N-1) (2

For N = 1 we obtain coupled Lotka-Volterra system:

o= (- u)

o = u (0 —u).
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The semidiscrete aB 2D-lattice _ 5 )
The multi-soliton

The periodic 3-reduction on aB 2D-lattice

In the same way, if we impose periodic-3 reduction:
Q(n,m) = ui(n), Q(n,m+ 1) = wa(n), Q(n,m+2) = uz(n),
Q(n,m+3) = ui(n), Q(n,m—1) = uz(n),

we get the system with the following three coupled equations (for
N multiple of three):

. I CO RO} (V)

n = wu|ht+u+u+.+ 01 —U3—Up— U —..— U
2 (V)

up = u|wmtu+u+.+ Uy —Uug—Uu3—Up—..— Uy
2 © (N)

_ ( 2 @) (N) )

u3 = w|h+w+u3+.+03 —Up—Uu—U3—..— U3
2 © (N)
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The periodic M-reduction on aB 2D-lattice

The coupled aB system comes out from the aB 2D-lattice equation
(10) for any N, choosing a periodic M-reduction on m.

) (V)

Uy = vy | U2+ 03 +..4 Ung1 —UM — UM—1 — - — UM—N41 (11)
(2 (N)
. _ @ (V)
Uy = w2 | U3+ Ug +..4 Uny2 —UL — UM — .. — UM—N42
(2 (N)
. @ (V)
Um—1 = Upm-1 | UM~ U1 ..+ UpmyN—1 —UM—2 — UM—3 — .. — UM—N-1
(2 (N)
. _. @ (V)
Uy = upm | it 2 +.4 UMeN —UM—1 — UM—2 — .. — UM—N
(2) (N)
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The Hirota bilinear form for aB 2D-lattice

Using the substitution (in this notation, m is not exponent):

Qnm(t) =1+ 5 log—F - (13)

we cast the aB 2D-lattice, (10):

d N N
2t Qnm() = Qum(t) [ D7 Qnajimes(£) = Y Qnejim—j(1)
j=1 j=1

into the Hirota bilinear form:

DeF - P+ A = F iV Em Y, (14)

where F" is a complex function, D; is the Hirota bilinear operator.
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The multi-soliton solutions for aB 2D-lattice

The 1-soliton solution is:

o ET g 14 ekt
uy =1+ —log =14+ —log ©
ot Fm ot 1 4+ ekintpim-twit+n,
where:

(0)
FM =1+ elntpmtattns - (y)  ky, p € C

and the dispersion relation has the form:

sinh (k1+2p1)N sin

ki+p1
2

 Gatp)(N+1)
2

w1y =2
! sinh
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The multi-soliton solution for aB 2D-lattice

For 2-soliton solution we obtain:

FM = 14eM4em4entmthe nj = kjn—i—pjm—&-wjt—&—nfo), j=1,2

the dispersion relation:

(kitpj)(N+1)
2

ki+pi )N .
(1+2P1) sinh

2sinh

wj =

j | ki+p;
smh%

and the interaction phase:

—ky— ky+p1— ko —p2) (142N . —kp—
B _ cosh ftp 2k2 P2 | cosh (kit+p1 22 p2)(1+2N) (w1 — wy) sinh kitp1 2k2 P2
e 12 —

kitp1tko+po ki+p1+ko+po)(1+2N) + (
2 2

_ cosh ¢ k1+P1-5kz+P2

— cosh w1 + w2) sinh
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The multi-soliton solution for aB 2D-lattice

For 3-soliton solution we obtain:
3 3

St > Ay
Fm — 1+em+e772+e773+en1+772+A12+en1+n3+A13+enz+n3+A23+ef:1 ' 1<i<j Y
n

the dispersion relation:

. (kPN . (ki) (N+1
2smh ( J+2PJ) sinh ¢ J+pf%( 1) 13
J . k: . ) )
sinh %
and the interaction phase:
— cosh ki+Pi;kj_Pj + cosh (ki+Pi—kj;Pj)(1+2N) — (w; — wj) sinh k#Pi;kj—Pj
e’ =

kitpitki+p cosh (ki+pitkj+p;)(1+2N) ki+pi+ki+p;
2 2 2

— cosh + (wi + wj) sinh
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The multi-soliton solutions for aB 2D-lattice

The N -soliton solutions has the following form for F/™:

Fr(t)= Y. exp ZM77,+ Zu,uj il,  (15)

paspn={0,1} 1<i<j
where o
0 )
nj = kin+ pjm+wjt +n;", j=1N,
sinh (kj+Pj)N inh Uatp)(N+1)
wj =2 z ., j=1LN
sinh J+p1

Ay —cosh EEPENTR | cosh (Rl AIOEER) (o) — w)) sinh SRR
- COSh % — COSh w + (wi + UJJ) Sinh %
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The periodic reduction and the parallel between systems

Now, all the multi-soliton solutions for the coupled aB systems for
any N are coming straightforward from the aB 2D-lattice (10) and
one can easily see this by looking at the two bilinear forms:

- for aB (n,m,t) 2D-lattice:

DeF it F 4 o Fm = Fr i EY, (16)
- for coupled aB (n,t) system:
L (N+1)
DiFvir- Fo+ FuiFy =Fuiign Ha (17)
(V)
The systems are the same, considering that the second index, m,

m+1
of Qnm(t) =1+ %/ogFl"J,} in (16) becomes v =1, M in (17),
parameter which indiciates the soliton solutions

u,(t) =1+ %log F;j-jl for the M-component aB system.
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The periodic reduction and the parallel between systems

For example, in the case M = 2, the m-dependence is dropped, p;
appearing in the definitions will be —7i , +7i making the
dispersion relation to have two branches (allowing solitons to move
either in the same direction or opposite to one another).

For M = 3, again the m-dependence is dropped, p; will be —27i/3,
+2mi/3, 27i (its exponentials are the cubic roots of the unity),
leading to the three branches of the dispersion relation.

For VM, dropping the m-dependence, p; € 1/%, v=1M (its
exponentials are the M roots of unity), we have the M branches of
dispersion.

Considering the above parallel, the periodic reduction proves again
to be a very effective tool for deriving multi-soliton solution for
multicomponent systems.
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Conclusions

@ In this paper we studied the coupled additive Bogoyavlensky
system with branched dispersion relations and as a particular
case (N = 1) the coupled Lotka-Volterra system;

@ The main motivation was to see that the integrability survives
in coupled systems.

@ The main feature of such coupled systems is the structure of
the dispersion relation (having multiple branches) and of the
phases of the components, parametrised by the order M roots
of unity. The existence of many branches of the dispersion
relation allows more freedom in solitons interaction;

@ It was shown by Hirota bilinear formalism that the coupled aB
system is integrable and moreover it was shown that with a
periodic reduction of an integrable aB 2D lattice equation the
multi-solitons are easier to construct.
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