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Classical transmission line model - I

Heaviside’s elementary circuit

Kirchhoff’s laws yield

−vk−1(t)+∆Rk (t) ik (t)+∆Lk (t) ik (t)−∆Ek (t)+vk (t)=0,

ik (t)−ik+1(t)−∆Gk (t) vk (t)− d
dt

(
∆Ck (t) vk (t)

)
=0,

or, more precisely

− vk (t)−vk−1(t)
∆xk

=
∆Rk (t)

∆xk
ik (t)+

d
dt

∆Lk (t)
∆xk

ik (t)−
∆Ek (t)

∆xk
,

− ik+1(t)−ik (t)
∆x =

∆Gk (t)
∆xk

vk (t)+
d
dt

(
∆Ck (t)

∆xk
vk (t)

)
.
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Classical transmission line model - II

The continuum limit (∆xk → 0) of

− vk (t)−vk−1(t)
∆xk

=
∆Rk (t)

∆xk
ik (t)+

d
dt

∆Lk (t)
∆xk

ik (t)−
∆Ek (t)

∆xk
,

− ik+1(t)−ik (t)
∆x =

∆Gk (t)
∆xk

vk (t)+
d
dt

(
∆Ck (t)

∆xk
vk (t)

)
,

yields classical telegrapher’s equations

− ∂
∂x v(x ,t)=R i(x ,t)+L ∂

∂t i(x ,t)−E(x ,t),

− ∂
∂x i(x ,t)=G v(x ,t)+C ∂

∂t v(x ,t),

LC ∂2

∂t2
v(x ,t)+(RC+LG ) ∂

∂t v(x ,t)+RG v(x ,t)− ∂2

∂x2
v(x ,t)=− ∂

∂x E(x ,t),

∂2

∂t2
v(x ,t)+

(
1

τL
+ 1

τC

)
∂
∂t v(x ,t)+

1
τLτC

v(x ,t)−c2 ∂2

∂x2
v(x ,t)=−c2 ∂

∂x E(x ,t).
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Classical telegrapher’s equation

Classical telegrapher’s equation (x ∈ R, t > 0)

∂2

∂t2
v (x , t) +

(
1

τL
+

1

τC

)
∂

∂t
v (x , t) +

1

τLτC
v (x , t)− c2

∂2

∂x2
v (x , t) = −c2

∂

∂x
E(x , t),

represented by the system of equations

− ∂

∂x
v (x , t) = R i(x , t) + L

∂

∂t
i(x , t)− E(x , t),

− ∂

∂x
i(x , t) = G v (x , t) + C

∂

∂t
v (x , t),

is subject to zero initial and boundary data

v (x , 0) = 0, i(x , 0) = 0,

lim
x→±∞

v (x , t) = 0, lim
x→±∞

i(x , t) = 0.
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The solution to the classical telegrapher’s equations is

v (x , t) = QR (x , t) ∗x ,t E(x , t),

where QR is:

QR (x , t) =
c2

π

(∫ ξ0

0

sinh (ν(ξ) t)

ν(ξ)
ξ sin(ξx)dξ +

∫ ∞

ξ0

sin (ω(ξ) t)

ω(ξ)
ξ sin(ξx)dξ

)
e−

1
2

(
1

τL
+ 1

τC

)
t
,

with

ω2(ξ) =

(
cξ +

1

2

∣∣∣∣ 1τL
− 1

τC

∣∣∣∣) (cξ − 1

2

∣∣∣∣ 1τL
− 1

τC

∣∣∣∣) > 0, for ξ ≥ ξ0 =
1

2c

∣∣∣∣ 1τL
− 1

τC

∣∣∣∣ ,
ν2(ξ) =− ω2(ξ), i.e., ν(ξ) = ω(ξ), for ξ < ξ0.

The integrand admits an asymtotics for fixed (x , t)

sin(ω(ξ) t)

ω(ξ)
e−

1
2

(
1

τL
+ 1

τC

)
t

ξ sin(ξx) ∼ 1

c
e−

1
2

(
1

τL
+ 1

τC

)
t
sin (ξct) sin(ξx) → ∞ as ξ → ∞,

sinh(ν(ξ) t)

ν(ξ)
e−

1
2

(
1

τL
+ 1

τC

)
t

ξ sin(ξx) ∼ x
sinh

(
1
2

∣∣∣ 1
τL

− 1
τC

∣∣∣ t)
1
2

∣∣∣ 1
τL

− 1
τC

∣∣∣ e−
1
2

(
1

τL
+ 1

τC

)
t

ξ2 as ξ → 0+.
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Non-local transmission line model - I

Heaviside’s elementary circuit

Kirchhoff’s laws yield

−vk−1(t)+∆Rk (t) ik (t)+
d
dt ∆ϕk (t)−∆Ek (t)+vk (t)=0,

ik (t)−ik+1(t)−∆Gk (t) vk (t)− d
dt

(
∆Ck (t) vk (t)

)
=0,

∆ϕk (t)=∆Lk (t) ik (t)+∑N
j=1
j ̸=k

∆2mkj (t) ij (t),
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Non-local transmission line model - II

or, more precisely

− vk (t)−vk−1(t)
∆xk

=
∆Rk (t)

∆xk
ik (t)+

d
dt

∆ϕk (t)
∆xk

−∆Ek (t)
∆xk

,

− ik+1(t)−ik (t)
∆x =

∆Gk (t)
∆xk

vk (t)+
d
dt

(
∆Ck (t)

∆xk
vk (t)

)
,

∆ϕk (t)
∆xk

=
∆Lk (t)

∆xk
ik (t)+∑N

j=1
j ̸=k

∆2mkj (t)

∆xk ∆xj
ij (t)∆xj ,

implying, by the continuum limit (∆xk → 0), the non-local TEs

− ∂
∂x v(x ,t)=R(x ,t) i(x ,t)+ ∂

∂t ϕ(x ,t)−E(x ,t),

− ∂
∂x i(x ,t)=G (x ,t) v(x ,t)+ ∂

∂t

(
C (x ,t) v(x ,t)

)
,

ϕ(x ,t)=L(x ,t) i(x ,t)+
∫ b
a m(x ,ζ,t) i(ζ,t)dζ.
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Non-local transmission line model - III

The non-local TE expressed in terms of voltage is

LC
∂2

∂t2
v(x , t) + (RC + LG )

∂

∂t
v(x , t) + RG v(x , t)− ∂2

∂x2
v(x , t)

−G
∫ b

a

∫ η

a

∂

∂x
m(x , η)

∂

∂t
v(ζ, t)dζdη

−C
∫ b

a

∫ η

a

∂

∂x
m(x , η)

∂2

∂t2
v(ζ, t)dζdη

= − ∂

∂x
E(x , t) + ∂

∂t
i(a, t)

∫ b

a

∂

∂x
m(x , η)dη.
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Non-local telegrapher’s equation

Non-local telegrapher’s equations (x ∈ R, t > 0)

− ∂

∂x
v (x , t) = R i(x , t) +

∂

∂t
ϕ(x , t)− E(x , t),

− ∂

∂x
i(x , t) = G v (x , t) + C

∂

∂t
v (x , t),

ϕ(x , t) = L i(x , t) +m(|x |) ∗x i(x , t),

with

m(|x |) ∗x i(x , t) = M
∫ ∞

−∞
m̄(|x − ζ|) i(ζ, t)dζ,

are subject to zero initial and boundary data

v (x , 0) = 0, i(x , 0) = 0,

lim
x→±∞

v (x , t) = 0, lim
x→±∞

i(x , t) = 0.

D. Zorica (UNS) FC for TL 29. 8. 2022. 9 / 25



Non-local telegrapher’s equation

The cross-inductivity kernels are chosen among

Table: Several choices of cross-inductivity kernels.

Kernel type m(|x − ζ|) Mδ(|x − ζ|)
Power M

2Γ(α)
|x−ζ|α−1

ℓα as α → 0

Exponential M
2ℓe−

|x−ζ|
ℓ as ℓ → 0

Gaussian M
ℓ
√

π
e−

|x−ζ|2
ℓ2 as ℓ → 0

Model parameters are: cross-inductivity per-unit-
length M, non-locality parameter (characteristic
length) ℓ, and α ∈ (0, 1).
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The solution to the non-local telegrapher’s equations is

v (x , t) = Q(x , t) ∗x ,t E(x , t),

where Q is:

Q(x , t) =
c2

π

(∫ ξ1

0

sinh(ν(ξ) t)

ν(ξ)
e−µ(ξ) t ξ sin(ξx)

1+ τM
τL

˜̄m(|ξ|)
dξ

+
∫ ξ2

ξ1

f (ξ, t) e−µ(ξ) t ξ sin(ξx)

1+ τM
τL

˜̄m(|ξ|)
dξ +

∫ ∞

ξ2

sin(ω(ξ) t)

ω(ξ)
e−µ(ξ) t ξ sin(ξx)

1+ τM
τL

˜̄m(|ξ|)
dξ

)
,

with

µ(ξ) =
1

2

(
1

τL + τM ˜̄m(|ξ|) +
1

τC

)
,

ν2(ξ) =

(
1

2

(
1

τL + τM ˜̄m(|ξ|) −
1

τC

))2

− (cξ)2

1+ τM
τL

˜̄m(|ξ|)
, c =

1

K
√

τLτC
,

f (ξ, t) =
eν(ξ) t − e−ν(ξ) t

2ν(ξ)
=


sinh(ν(ξ) t)

ν(ξ)
, if ν2(ξ) ≥ 0,

sin(ω(ξ) t)

ω(ξ)
, if ν2(ξ) < 0, with ω(ξ) = −iν(ξ).
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The integrand admits an asymtotics for fixed (x , t)

in the case of all considered kernels

sin(ω(ξ) t)

ω(ξ)
e−µ(ξ) t ξ sin(ξx)

1+ τM
τL

˜̄m(|ξ|)
∼ 1

c
e−

1
2

(
1

τL
+ 1

τC

)
t
sin (ξct) sin(ξx) as ξ → ∞,

in the case of the power-type kernel

sinh(ν(ξ) t)

ν(ξ)
e−µ(ξ) t ξ sin(ξx)

1+ τM
τL

˜̄m(|ξ|)
∼ τL

τM

ℓαx

cos απ
2

sinh t
2τC

1
2τC

e−
t

2τC ξ2+α as ξ → 0+

in the case of the Gauss- and exponential-type kernel

sinh(ν(ξ) t)

ν(ξ)
e−µ(ξ) t ξ sin(ξx)

1+ τM
τL

˜̄m(|ξ|)
∼ τL

τM

ℓαx

cos απ
2

sinh t
2τC

1
2τC

e−
t

2τC ξ2+α as ξ → 0+.
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Spatial profiles - power-type kernel - I

t = 0.01

t = 0.025

t = 0.05

t = 0.1

0.5 1.0 1.5 2.0
x

0.5

1.0

1.5

2.0

v(x,t)

(a) Spatial profiles at time-instances near the
initial one.

t = 0.1

t = 0.25

t = 0.5

t = 1

1 2 3 4 5
x

0.5

1.0

1.5

v(x,t)

(b) Spatial profiles at later time-instances.

Figure: Power type cross-inductivity kernel – time evolution of spatial profile of mollified

impulse response, obtained analytically (solid line) and numerically (dashed line), for model

parameters: K = 0.5, τC = 0.5, τL = 0.2, τM = 0.25, ℓ = 0.1, α = 0.25, with ε = 0.05 and

ϵ = 0.002.
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Spatial profiles - power-type kernel - II

α = 0

α = 0.05
α = 0.1

α = 0.3

α = 0.5

2 4 6 8 10
x

-0.05

0.05

0.10

v(x,t)

(a) Spatial profiles for smaller values of
fractionalization parameter.

α = 0.5

α = 0.7

α = 0.9
α = 0.95

2 4 6 8 10
x

-0.05

0.05

v(x,t)

(b) Spatial profiles for larger values of
fractionalization parameter.

Figure: Power type cross-inductivity kernel – spatial profiles of mollified impulse response at

t = 1.5, depending on fractional differentiation order α, for model parameters: K = 0.5,

τC = 0.5, τL = 0.2, τM = 0.25, ℓ = 0.1, with ε = 0.05, depicted by solid line for α ∈ (0, 1) and

dashed line for α = 0.
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Spatial profiles - exponential-type kernel - I

t = 0.01

t = 0.025

t = 0.05

t = 0.1

t = 0.25

t = 0.5

0.5 1.0 1.5
x

0.5

1.0

1.5

2.0

v(x,t)

(a) Spatial profiles at time-instances near the
initial one.

t = 0.5

t = 1

t = 1.5

t = 2
t = 3

1 2 3 4 5 6 7
x

0.5

1.0

v(x,t)

(b) Spatial profiles at later time-instances.

Figure: Exponential type cross-inductivity kernel – time evolution of spatial profile of mollified

impulse response, obtained analytically (solid line) and numerically (dots), for model

parameters: K = 0.5, τC = 1, τL = 1, τM = 1, ℓ = 0.25, with ε = 0.01 and ϵ = 0.002.
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Spatial profiles - exponential-type kernel - II

1 2 3 4 5
x

-0.05

0.05

0.10

0.15

0.20

0.25

v(x,t)

(a) Solid, dashed, dot-dashed, and dotted lines
correspond to non-locality parameters
ℓ ∈ {0.05, 0.15, 0.4, 0.8}; dots correspond to
ℓ = 0.

1 2 3 4 5
x

-0.05

0.05

0.10

0.15

0.20

0.25

v(x,t)

(b) Dotted, dot-dashed, dashed, and solid lines
correspond to non-locality parameters
ℓ ∈ {0.8, 1.5, 3, 10}; dots correspond to ℓ → ∞.

Figure: Exponential type cross-inductivity kernel – spatial profiles of mollified impulse

response at t = 1.5, depending on non-locality parameter ℓ, for model parameters: K = 0.5,

τC = 1, τL = 1, τM = 1, with ε = 0.05.

D. Zorica (UNS) FC for TL 29. 8. 2022. 16 / 25



Hereditary transmission line model - I

Heaviside’s elementary circuit

i1 i2

i3

iCR

iC

D E

F
u1 u2

x ∆x

∆CR

∆L ∆R

∆C ∆G

uRCuL

i1

Constitutive models

ϕ(t)=∆Lξ 0I1−ξ
t iL(t) and q(t)=∆Cξ 0I1−ξ

t uC (t), ξ∈(0,1),

0Iξ
t f (t)=

1
Γ(ξ)

∫ t
0 (t−τ)ξ−1f (τ)dτ= tξ−1

Γ(ξ) ∗f (t), ξ>0, imply

uL(t)=
d
dt ϕ(t)=∆Lξ

d
dt 0I1−ξ

t iL(t)=∆Lξ 0Dξ
t iL(t), and

iC (t)=
d
dt q(t)=∆Cξ

d
dt 0I1−ξ

t uC (t)=∆Cξ 0Dξ
t uC (t), where

0Dξ
t f (t)=

d
dt 0I1−ξ

t f (t)= d
dt

(
t−ξ

Γ(1−ξ)
∗f (t)

)
.
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Hereditary transmission line model - II

i1 i2

i3

iCR

iC

D E

F
u1 u2

x ∆x

∆CR

∆L ∆R

∆C ∆G

uRCuL

i1

Kirchhoff’s laws yield

u(x+∆x ,t)−u(x ,t)=−∆L 0Dα
t i(x ,t)−uRC (x ,t),

i(x+∆x ,t)−i(x ,t)=−∆C 0Dγ
t u(x+∆x ,t)−∆Gu(x+∆x ,t),

∆Ri(x ,t)=uRC (x ,t)+∆R∆CR 0Dβ
t uRC (x ,t),

or, more precisely

u(x+∆x ,t)−u(x ,t)
∆x =−∆L

∆x 0Dα
t i(x ,t)−

uRC (x ,t)
∆x ,

i(x+∆x ,t)−i(x ,t)
∆x =−∆C

∆x 0Dγ
t u(x+∆x ,t)−∆G

∆x u(x+∆x ,t),

∆R
∆x i(x ,t)=

uRC (x ,t)
∆x +∆R∆CR 0Dβ

t
uRC (x ,t)

∆x .
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Hereditary transmission line model - III

The continuum limit (∆xk → 0) of

u(x+∆x ,t)−u(x ,t)
∆x =−∆L

∆x 0Dα
t i(x ,t)−

uRC (x ,t)
∆x ,

i(x+∆x ,t)−i(x ,t)
∆x =−∆C

∆x 0Dγ
t u(x+∆x ,t)−∆G

∆x u(x+∆x ,t),

∆R
∆x i(x ,t)=

uRC (x ,t)
∆x +∆R∆CR 0Dβ

t
uRC (x ,t)

∆x ,

yields hereditary telegrapher’s equations

∂
∂x u(x ,t)=−L 0Dα

t i(x ,t)−u′(x ,t),

∂
∂x i(x ,t)=−C 0Dγ

t u(x ,t)−Gu(x ,t),

Ri(x ,t)=u′(x ,t)+τ 0Dβ
t u

′(x ,t),

i.e., hereditary TE expressed in terms of voltage(
τLC 0Dα+β+γ

t +τLG 0Dα+β
t +LC 0Dα+γ

t +LG 0Dα
t

+RC 0Dγ
t +RG

)
u(x ,t)=

(
τ 0Dβ

t +1
)

∂2

∂x2
u(x ,t).
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Hereditary telegrapher’s equation

Hereditary telegrapher’s equation (x ∈ [0,∞) t > 0)

(
τLC 0Dα+β+γ

t + τLG 0Dα+β
t + LC 0Dα+γ

t + LG 0Dα
t

+RC 0Dγ
t + RG

)
u (x , t) =

(
τ 0Dβ

t + 1
) ∂2

∂x2
u (x , t) .

represented by the system of equations

∂

∂x
u (x , t) = −L 0Dα

t i (x , t)− u′ (x , t) ,

∂

∂x
i (x , t) = −C 0Dγ

t u (x , t)−Gu (x , t) ,

Ri (x , t) = u′ (x , t) + τ 0Dβ
t u

′ (x , t) ,

is subject to zero initial and boundary data

v (x , 0) = 0, i(x , 0) = 0, i ′(x , 0) = 0,

u(0, t) = u0(t), lim
x→∞

u(x , t) = 0.
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The solution to the hereditary telegrapher’s equations is

u(x , t) = uδ(x , t) ∗t u0(t),

where uδ is:

u
(I,II)
δ (x , t) =

1

π

∫ ∞

0
sin
(

Im k
(

ρeiπ
)
x
)

e−(ρt+Re k(ρeiπ) x)dρ,

u
(III)
δ (x , t) =

1

π

∫ ∞

0
sin
(

ρt sin φ0 − Im k
(

ρeiφ0

)
x + φ0

)
e−(ρt|cos φ0 |+Re k(ρeiφ0 ) x)dρ,

with the propagation coefficient

k (s) =

√
(RLαCβ sα+β + Lα sα + R)(Cγ sγ +G )

RCβ sβ + 1
.

Case I - propagation coefficient k, except for s = 0, does not have any other branching points,

Case II - propagation coefficient k, except for s = 0, has a negative real branching point,

Case III - propagation coefficient k, except for s = 0, has a pair of complex conjugated

branching points s0 = ρ0 eiφ0 and s̄0.
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Diffusion-like spatial profiles - I

t = 0.02

t = 0.04

t = 0.06

t = 0.08
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0.6

0.8

1.0

1.2

1.4

uHx,tL

(a) α = 1
4 , β = γ = 2

3 , a = 2 · 91/3

and b = 450 - NBP

t = 0.02

t = 0.04

t = 0.06

t = 0.08

t = 0.1

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
x0

2

4

6

8

uHx,tL

(b) α = 2
3 , β = 5

6 , γ = 1
4 , a = 2 · 31/3

and b = 3 - NRBP

Figure: Impulse response u(x , t) as a function of position x at discrete
time instants t.
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Diffusion-like spatial profiles - II

t = 0.015

t = 0.02

t = 0.025

t = 0.03

t = 0.035

0.2 0.4 0.6 0.8 1.0
x
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4
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(a)

t = 0.04

t = 0.055

t = 0.07

t = 0.085

t = 0.1

0.2 0.4 0.6 0.8 1.0 1.2
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-0.5

0.0
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(b)

Figure: Impulse response u(x , t) as a function of position x at discrete
time instants t for α = 2

3 , β = 5
6 , γ = 1

4 , a = 2 · 31/3 and b = 300 -
CCBP.
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Wave-like spatial profiles - I
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Figure: Impulse response u(x , t) as a function of position x at discrete
time instants t for α = 5

6 , β = γ = 2
3 , a = 2 · 91/3 and b = 4.5 - NBP.
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Wave-like spatial profiles - II
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Figure: Impulse response u(x , t) as a function of position x at discrete
time instants t for α = 5

6 , β = γ = 2
3 , a = 2 · 91/3 and b = 450 - CCBP.
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