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Classical transmission line model - |

@ Heaviside's elementary circuit

A&, A&

@ Kirchhoff's laws yield

Vi1 (E)FAR(t) i (£)+ALk (t) ik (£) —AE, (t)+vi () =0,
i ()= iks1 ()= AG (1) vie(1)— & (AC (1) vie(£)) =0,
@ or, more precisely

Vi (t)—ve_1(t) AR, . AL . AE,
. AUIUAE & el IORE

i1 (B)—i(t)  AG AC
- k+1(A>x LU A§£t> Vk(ﬂ*%( Al;f(t> Vk(t)>-
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Classical transmission line model - 11

i 1

@ The continuum limit (Ax, — 0) of

Vk(t)—Vk_l(t)_ARk(f) Ik(t)—‘r d ALk(t)l (t)—Agk(t)

AXk - AXk dt AXk AXk !
i1 (=i (t) _ AG(t) d (AG(1)
- Ax = "Ax, Vk(t)""_ﬁ Ax vie(t) ),

@ yields classical telegrapher's equations

aax v(x,t)=R i(x,t)—!—L%i(x,t)—S(x,t),

—Li(xt)=G v(x,t)+CLv(xt),

2 2
LC 25 v(x,t)+(RCHLG) v(x,t)+RG v(x,t) = L5 v(x.t)=— L E(xt),
1

ox2
a2 1)@ 2 82
mV(X,t)‘f’(fL‘f'?)*tV(X,t)"‘ -

v(x,t)—c 52

ﬁ v(x,t):—CZ%S(x,t).
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Classical telegrapher’'s equation

Classical telegrapher’s equation (x € R, t > 0)

92 1 1) o 1 , 02 5 0
a?v(x,t) + <T—L + E) ﬁv(x,t) + HV(X’ t)—c ﬁv(x, t)=—c gg(x, t),

represented by the system of equations

e} . 0 .
—a—xv(x, t) = Ri(x,t)+ LEI(X, t) — E(x, t),

—%i(x, t)=Gv(x t)+ C%v(x, t),
is subject to zero initial and boundary data

v(x,0) =0, i(x,0)=0,
lim v(x,t)=0, (x,t) =0.

lim i
x—+tco X—+Foo

D. Zorica (UNS) FC for TL 29. 8. 2022. 4/25



The solution to the classical telegrapher’s equations is
v(x, t) = Qr(x, t) *x ¢ E(x, t),

where QR is:

2 "Go i 00 gj _1(1, 1),
Qr(x, t):% (/0 %gsin(éx)ngr/go %Csin(@x)dé)e 2(TL+TC) ’
with
1)1 1 1|1 1 1|1 1
PO =(a+3]7 - |) (-2l =) 2o meza- |-

V3(§) = — w?(@), ie, v(8) = w(g), forZ <.

The integrand admits an asymtotics for fixed (x, t)

%ei%(%Jr%)tCsin@x) ~ %ef%(%Jr%)t sin (&ct)sin(gx) — o as & — oo,
Sinh(U() ) ~3(4+2) ¢4 sinh (32 - &]1) 320
1/75)8 7( L C) &sin(éx) ~ x ; %7%C ® ?( L c) & as¢— 0t
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Non-local transmission line model - |

@ Heaviside's elementary circuit

A&, A&

@ Kirchhoff's laws yield

Vi1 (8)FARK (1) ik (£)+ §: A (£) = DE(£) +vic(£)=0,
i (8) —ik1 ()~ AG (1) vi(8)— & (ACK(1) we(t) ) =0,

A (t)=ALk(t) fk(ﬂ"*‘Z}’:l A2my(t) ij(t),
J#k
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Non-local transmission line model - |l

@ or, more precisely

v (t)=v_1(t) AR, (t) . Ay (t)  AEL(t)
— e =y (Dt (gik ~ Ay
et R 0500 4 1)+ 4 (254 (),

2, .
Agy(t) _ ALi(t) ()45 ATmy(t) (£) Ax;

b —_
Ax Axye _/:1 AxkAXj J

@ implying, by the continuum Iimitj?éAkxk — 0), the non-local TEs
— 2 v(x,t)=R(x,t) i(x,t)+ ZPp(x,t)—E(x,t),
~ 2 i t)=G(x,t) v(x. )+ & (Clxt) v(xt)),
P(x,t)=L(x,t) i(x,t)+ [P m(x.g.t)i({.t)dC.
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Non-local transmission line model - ||

@ The non-local TE expressed in terms of voltage is

02 d 02
LCﬁv(X t)+ (RC—}-LG)a—v(X, t)+ RGv(x, t) —ﬁv(x, t)
6 [ 2 i) vtz ) g

[ e etz 0 aga

e+ 2itan) [ Lmxn)d
T Tox Vet T\ et g me i an
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Non-local telegrapher’'s equation

Non-local telegrapher’s equations (x € R, t > 0)
t) = Ri(x, t)+ ¢(X t) — E(x, t),

ot

2V
,ai i(x.t) = Gv(x, t)+c3v(x ),
d(x,t) = Li(x,t) + m(|x]) *x i(x, t),

with

m(xl) s ilx, ) = M [~ mllx—2)) (.24

are subject to zero initial and boundary data

v(x,0) =0, i(x,0) =0,
lim v(x,t)=0, xiTool(X’ t) =0.

x—+tco
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Non-local telegrapher’'s equation
The cross-inductivity kernels are chosen among

Table: Several choices of cross-inductivity kernels.

Kernel type m(|x —|) Mé(|x —¢l)
M [x=g*!

Power M) asau — 0
. _Ix=d
Exponential %e 7 asl —0
) _ Ix=?
Gaussian M~ asf — 0
NG

Model parameters are: cross-inductivity per-unit-
length M, non-locality parameter (characteristic
length) ¢, and o € (0, 1).
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The solution to the non-local telegrapher’s equations is

where Q is:

o= (|

:
+ / 2 F(E 1) e HOE
J&y

“sinh(v(0) ) peye _ Esin(Ex)
v(¢)

(¢
1+ 2 m(|Z]) Jo,  w(@) 1+ (g

v(x, t) = Q(x, t) *xt E(x, t),

e

7~d
T+ (e

sin(2x)

® sin(w

dé +

)8) @) aw&>d§
e ).

with
1 1
“@:§<n+rwmwn+ )
0= (3 (oreman 7)) - =g
e R 1+W‘MI Kyie'
sinh(v(&) t)
NI O ez
TR T sw@o . .
W’ if v2(&) <0, with w(¢) = —iv(¢).
- - _ v,
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The integrand admits an asymtotics for fixed (x, t)

in the case of all considered kernels

sin(@(@) t) —ueye 5N 1 —3(FA+7)t gin (2ct) sin(ex) asE - o,

w(©) 1+ T (| ])
in the case of the power-type kernel
. . : t
sinh(v(§) £) _u@ye  Esin(@x) T f'x sinhag ¢ HE 24 as o
V() T+ Bam(e) " T cos g L

in the case of the Gauss- and exponential-type kernel

. 1 i L
sinh(v(¢) t) o H(@)t gsin(¢x) L Wl A gp o % FH a5 F 5 0

v(e) T+ W m(le]) " v cos i L
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Spatial profiles - power-type kernel - |

V1)

1.0

0.5

x

(a) Spatial profiles at time-instances near the

initial one.

Figure: Power type cross-inductivity kernel — time evolution of spatial profile of mollified
impulse response, obtained analytically (solid line) and numerically (dashed line), for model

parameters: K = 0.5, T¢ = 0.5, T, = 0.2, T)y = 0.25, £ = 0.1, « = 0.25, with ¢ = 0.05 and

€ = 0.002.
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(b) Spatial profiles at later time-instances.
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Spatial profiles - power-type kernel - Il

v(x,0)

v(x,0)

=05
a=0.7
@ =09
0.05 3 =095
x
. 2 4 6
10
—0.05 -0.05
(a) Spatial profiles for smaller values of (b) Spatial profiles for larger values of
fractionalization parameter. fractionalization parameter.

Figu re: Power type cross-inductivity kernel — spatial profiles of mollified impulse response at
t = 1.5, depending on fractional differentiation order «, for model parameters: K = 0.5,

Tc =0.5, 7y = 0.2, Ty = 0.25, £ = 0.1, with ¢ = 0.05, depicted by solid line for « € (0,1) and

dashed line for « = 0.
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Spatial profiles - exponential-type kernel - |

0.5

0.1
=025

1

(a) Spatial profiles at time-instances near the
initial one.

vx,1)

(b) Spatial profiles at later time-instances.

Figu re: Exponential type cross-inductivity kernel — time evolution of spatial profile of mollified

impulse response, obtained analytically (solid line) and numerically (dots), for model

parameters: K =0.5, ¢ =1, 7, =1, Ty = 1, £ = 0.25, with ¢ = 0.01 and € = 0.002.
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Spatial profiles - exponential-type kernel - Il

vx,0)
v(x,0)

-0.05

—-0.05

(b) Dotted, dot-dashed, dashed, and solid lines
correspond to non-locality parameters
¢ € {0.8,1.5,3,10}; dots correspond to ¢ — co.

(a) Solid, dashed, dot-dashed, and dotted lines
correspond to non-locality parameters

¢ € {0.05,0.15,0.4,0.8}; dots correspond to
{=0.

Figu re: Exponential type cross-inductivity kernel — spatial profiles of mollified impulse
response at t = 1.5, depending on non-locality parameter ¢, for model parameters: K = 0.5,

Tc=11.=1, T}y = 1, with ¢ = 0.05.
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Hereditary transmission line model - |

@ Heaviside's elementary circuit

@ Constitutive models

4>(t):AL§011*5/ (t) and q(t)=ACsolt ‘uc(t), Z€(0.1),
g1

OIS F(8) =y Jo (¢=T)E L ()= "z £ (£), £>0, imply
uL<t>=%¢<r> AL@ oIt SiL(t)=ALz oDi(t), and
ic(t)=Lq(t)=ACs &olt Cuc(t)=ACs oDjuc(t), where

oDEF (1) =gholt SF(0) =g (rif ()

D. Zorica (UNS) FC for TL 29. 8. 2022.

17 /25



Hereditary transmission line model - Il

@ Kirchhoff's laws yield

u(x+Ax,t)—u(x,t)=—ALoD%i(x,t)—urc(xt),
i(x+Ax,t)—i(x,t)=—AC oD] u(x+Ax,t) —AGu(x+Ax,t),
ARi(x,t)=ugc (x,t)+ARACR oDF ugc (x.t),
@ or, more precisely

u(x+Ax,t)—u(x, t)

. AL oD (x, ) URG ut)

X '
i(x+Ax,t)—i(x,t) _ D'y

Tf—ﬂ ot (X"’AX t) (X"’AX t)

ARi00t) =BG+ ARACR oD “Rﬁ:”-
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Hereditary transmission line model - |

@ The continuum limit (Axx — 0) of

u(X+Ax,At))< u(x, t) ODt’(X t)— uRC(X,t) '
W:f— oDJ u(x+Ax,t)— (x+Ax t),
AR j(x,t)="RC™1) L ARACR D’S URCLT),

@ yields hereditary telegrapher’s equations

%u(x,t):—LoD‘}i(x,t)—u/(X,t),
L i(x,t)=—CoDJ u(x,t)—Gu(x,t),
Ri(x,t)=u(x,t)+ToDF ' (x.1),
i.e., hereditary TE expressed in terms of voltage

(tLC oD P 4L oDy P+ LC oD+ LG oDY

2
+RC oD} +RG ) u(x.t)=(ToDf+1) 25

u(x,t).
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Hereditary telegrapher’s equation

Hereditary telegrapher's equation (x € [0,00) t > 0)

(tLC oD 4 7LG oDEMP + LC DY 4 LG oDt

p ?
+RC oD} + RG)u (x,t) = (voDf +1) Sulxt).

represented by the system of equations

0 s /

a—xu(x, t) = —LoDfi(x,t) —u' (x,t),

%i (x,t) = —CoD?u(x, t) — Gu(x,t),
Ri(x,t) = u (x,t)+ Tonu/ (x,t),

is subject to zero initial and boundary data

v(x,0) =0, i(x,0) =0, i'(x,0)=0,
u(0,t) = up(t), leo u(x,t) =0.
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The solution to the hereditary telegrapher’s equations is
u(x,t) = us(x, t) *¢ uo(t),
where us is:
uéI'H) (x,t) = % /Ooo sin (Imk (pei"> x) ef(pHRek(pem)X)d‘o,

I 1 7. " i —(pt|cos i90) x
ué J(x,t) = E/o sin (ptsm o —Imk (pe"/’ﬂ) X+%) e~ (ptlcos gol+Re k(pe'0) )dp,

with the propagation coefficient

) — (RLyCg s"*P + Ly s* + R)(C, 7 + G)
(5) = RCpsP 11

Case | - propagation coefficient k, except for s = 0, does not have any other branching points,
Case Il - propagation coefficient k, except for s = 0, has a negative real branching point,
Case Il - propagation coefficient k, except for s = 0, has a pair of complex conjugated

branching points sy = pg ei% and 5.
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Diffusion-like spatial profiles - |

u(xt)
14r

t=0.02

.0.00 0.65 0.‘10 0.‘15 0.‘20 0.‘25 O ‘30 - 0.35)( X .
B=v=32a=2.9Y3  (b)a=3B=23y=}12=2-3/3
50 - NBP and b =3 - NRBP

Figure: Impulse response u(x, t) as a function of position x at discrete
time instants t.
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Diffusion-like spatial profiles - I

u(xt)

u(x,t)

t=0015 12

t=002

t=0.025
t=0.03

. n X
02 .4 06 08 10

-2r t=0035

(a) (b)

CCBP.
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Wave-like spatial profiles - |

Figure: Impulse response ) as a function of position x at discrete
time instants t for & = g, B=7= % a=2-93 and b=145- NBP.
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Wave-like spatial profiles - |l

u(x,t)

u(xt)
20

15

10

01 % 008 03 04
_osl t=007

t=006
t=005

(b)
Figure: Impulse response u(x, t) as a function of position x at discrete

e u(x, t)
time instants t fora = 2, B =7 =%, a=2-9'/3 and b = 450 - CCBP.
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