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• Laser-assisted processes

- Electron-atom scattering

(Weingartshofer et al. 1977)

- X-ray-atom scattering

- Electron-ion recombination

• Laser-induced processes

- Above-threshold ionization (ATI)

(Agostini et al. 1979)

- Above-threshold detachment

- High-harmonic generation (HHG)

- Non-sequential multiple ionization

STRONG-FIELD PROCESSES



W. Becker, S. Goreslavski, D. B. Milošević, and G. G. Paulus,

The plateau in above-threshold ionization: the keystone of rescattering physics

J. Phys. B 51, 162002 (2018) Topical Review

High-order ATI (Paulus et al. 1993)



Three-step model (1993)

- Recollision during small part of the optical cycle → Attoscience 

- Linearly polarized laser field → linear trajectories (1D), high-harmonics lin. pol.
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Strong Laser Field

High-order harmonic generation (1987)

Ar



( ) ( )
f

i f, ;L3

fi f i f f fi i i

/
e

t
iS t t p

M dt d p dt H U H 


− −

   

( )  SFA Strong Field Approximation

( )  SPM Saddle Point Method

( )fi fi fiexps sM A i 
relevant 
paths:
quantum 
orbits s

i f

0  
S S S

t p t

  
= = = 

  

i f, ,t t pcomplex

( ) ( ) ( )
, 

ˆ ,limfi f i
t t

M t U t t t 
→ →−

 =

S-matrix theory



FEYNMAN’s PATH INTEGRAL
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However, the problem is that the connection with path integrals is made by 

intuition and analogy, i.e., not by an explicit use of the path-integral formalism.

For details, see: D. B. Milošević, J. Math. Phys. 54, 042101 (2013)

 ,   0S S =Classical limit : Hamilton principle :



Phase space path-integral formalism

Classical canonical action for the paths r(t), p(t) in phase space



Total Hamiltonian: H(t)=HA+VL(t), HA=H0+V(r), VL(t)=r·E(t)

Expansion in powers of the atomic potential V(r)

 Strong-Field Approximation (SFA)

D. B. Milošević, J. Math. Phys. 54, 042101 (2013)

Detailed derivation in App. A in:  Phys. Rev. A 96, 023413 (2017)



m = 1: improved SFA (rescattering) 

m = 0:  standard SFA

m = 2: double rescattering SFA



Expansion in powers of fluctuations around classical trajectories

Final momenta p’=pcl(Tp), initial momenta p”=pcl():

Phase space path-integral formalism -

semiclassical approximation

F - quadratic fluctuation integral

[App. B in: D. B. Milošević, Phys. Rev. A 96, 023413 (2017)]





Forward- and backward-scattering 

in strong-field ionization



SPM for HATI – quantum-orbit theory

Classification of the saddle-point solutions: abm

Multiindex abm : For

The pair having the longer (shorter) travel time carries the index  b=-1 (b=+1). Each pair again 

consists of two orbits with slightly different travel times: long and short (a) [PRA 76, 053410 (2007)]

( ) ( )1 1
i 02 2

,  0,1,2,m T t t m T m− +    − − = , there are two pairs of solutions.



Forward-scattering solutions 

kst=p



3100 nm, lin. pol.



Quantum orbits

• For the complex ionization time t0, the electron 

orbit departs from the origin r(t0)=0.

• For the complex rescattering time tr, the electron 

orbit returns to the origin r(tr)=0.

• Re r (Re t0) ≠ 0  the electron is ‘born’ at the  

‘exit of the tunnel’

• Introducing complex solutions {t0,tr,kst} of the 

saddle-point equations into Newton’s equation 

we obtain complex trajectories. Quantum orbits 

are defined as complex trajectories for real time:



Hˉ, 10 600 nm, 1011 W/cm2, =0

pp UE 2=
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March 2005 issue of PhysicsWorld and 

PhysicsWeb Interference fringes are produced 

by a pair of slits that exist in time, not space.

Phys. Rev. Lett. 95, 040401 (2005)

Foundations of Quantum Mechanics

Double slit experiment 

Which way experiment



Frankfurter Allgemaine Zeitung, März 6, 2006



Rescattered quantum orbits in space and time

ionization time = t´ t = recollision time



Building up the

spectrum from

quantum orbits



The black box of S-matrix theory

S
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... has been made transparent
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Quantum orbits for elliptical polarization: 

Experiment vs. theory

The plateau becomes

a staircase

x = 0.36

xenon  at  0.77 x 1014Wcm-2

Salieres, Carre, Le Deroff, Grasbon, Paulus, Walther, Kopold, Becker, Milosevic, Sanpera, Lewenstein

Science 292, 902 (2001)

The shortest orbits are

not always the dominant

orbits



D. B. Milošević and W. Becker

Negative-travel-time quantum orbits in strong-field 

ionization by an elliptically polarized laser field

Phys. Rev. A 105, L031103 (2022)



F-, ɛ=0.3, 1.3 x 1013 W/cm2

1800 nm 3100 nm

5500 nm

δ

δ 𝐩, ε ≡
ഥw 𝐩, ε − ഥw 𝐩,−ε

ഥw 𝐩, ε + ഥw 𝐩,−ε



Linear polarization: 𝑡0𝑠, 𝑡𝑠 ↔ 𝑇 − 𝑡0𝑠
∗ , 𝑇 − 𝑡𝑠

∗

Elliptical polarization - bifurcation: α, β,𝑚 , α, β,𝑚 *







Complex-time quantum orbits

Milošević, PRA 90, 063414 (2014); Milošević, Becker, PRA 105, L031103 (2022)
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Tailored/complex fields

• Linearly polarized: 

- Monochromatic    

- Bichromatic         

- Few-cycle pulses:    

sin2 envelope, total          

pulse duration np o.c.   

3-colors: ,  ± /np

carrier-envelope 

phase

• Elliptically polarized 

monochromatic

• Bichromatic r - s

elliptically polarized  

r,s, r, s, Ir, Is, rs

• pulses, envelopes, 

CEPs, delays

• Bicircular field

• OTC field



• The dynamics of electrons driven by a linearly

polarized field is one-dimensional

• Find better way to explore structure / dynamics 

of more complex targets such as molecules

• Find more appropriate field configurations that 

possess particular symmetry properties and the 

possibility that the laser field driven liberated 

electron returns to the parent ion. Solutions:

• Bicircular field which consists of two coplanar 

counter-rotating circularly polarized fields of 

frequencies rω and sω

• Orthogonaly polarized two-color (OTC) field with 

frequencies rω and sω and relative phase 







( )3 1 ,  1n H =  = 

HHG by bicircular field

ionization

recombination

Along these three segments, between ionization and 

recombination the field is approximately linearly polarized 



3ω−5ω

- Proc. Natl. Acad. Sci. U.S.A. 112, 14206 (2015)

- J. Mod. Opt. 64, 971 (2017)



Proc. Natl. Acad. Sci. U.S.A. 

112, 14206 (2015)



Experiment: 3D atto 

metrology, Murnane et al 

Science Advances 2,

e1501333 (2016)

Theory: D. B. Milošević and W. Becker  

Phys. Rev. A 62, 011403(R) (2000)

Phys. Rev. A 61, 063403 (2000)



ATI, Ne, 2 x 1014 W/cm2, 800 nm + 400 nm

ATI - direct electrons only

linear color code log. color code

Vector potential: red line

The distribution follows the vector potential: p = - A(t)

A. Kramo, E. Hasović, D. B. Milošević, and W. Becker, Laser Phys. Lett. 4, 279 (2007)

E. Hasović, W. Becker, and D. B. Milošević, Opt. Express 24, 6413 (2016)

(H)ATI by bicircular field



ω-2ω ω-3ω

ω-4ω 2ω-3ω

D. B. Milošević, W. Becker, Phys. Rev. A 93, 063418 (2016)



exact numerical

3 pairs of orbits as 

given on the left

forward scattering

(,,) = (1,0,0)

backward scattering

(a,b,m) = (±1,1,0)

forward scattering

(,,) = (±1,2,0)

Building the 

velocity map

from pairs of orbits

I1 = I2 = 2 x 1014 W/cm2

1 = 2/2 = 800 nm

neon

D. B. Milošević, W. Becker, Phys. Rev. A 93, 063418 (2016)



Associating features of the

velocity map with orbits of

liberated electrons in space

E. Hasović, W. Becker, D. B. Milošević, Opt. Express 24, 6413 (2016)



Orthogonally polarized two-color 

OTC laser field

OTC rω-sω laser field with the relative phase 

𝐄 𝑡 = 𝐸𝑟 cos 𝑟𝜔𝑡 ො𝐞𝑥 + 𝐸𝑠 cos 𝑠𝜔𝑡 +  ො𝐞𝑦

Milošević, Becker, Phys. Rev. A 100, 031402(R) (2019)

ω-3ω, unusual shape, HH ellipticity.

PRA 102, 023107 (2020): BEOTC, small  → large H

Habibović, Becker, Milošević: molecules





He, 2200 nm, -3, I1=8 x 1014 W/cm2, I3=7 x 1014 W/cm2



Small  large difference 

between Tn+ and Tn-

x𝑛 =
|𝑇𝑛+|

2 − |𝑇𝑛−|
2

|𝑇𝑛+|
2 + |𝑇𝑛−|

2



Bicircular and BEOTC field driven processes

• 1D (linear) → 2D (trajectories unfold in a plane)

• Elliptically polarized high harmonics (selection 

rules, chiral molecules, magnetic materials, etc.)

• Exploration of molecular symmetries using
dynamical symmetry of the fields

PRA 94, 033419 (2016);

• Mol. Phys. 115, 1750 (2017)

• Spin polarized electrons – attospin

• PRA 93, 051402(R) (2016); 98, 053420 (2018)

Conclusions and perspectives



Various field / pulse combinations

• Few-cycle pulses, trifurcation 

PRL 126, 113201 (2021)

• HHG – PRL 81, 1837 (1998)

• Static electric field, PRL 81, 5097 (1998)

• Magnetic-field-induced intensity revivals in HHG        

• Milosevic, Starace, PRL 82, 2653 (1999)

•

• HHG, cir + static, Phys. Lett. A 355, 368 (2006)

• Bicircular - fc, Las. Phys. Lett. 3, 200 (2006)

• OTC + crossing angle, …

Conclusions and perspectives



Thank you for 

your attention!


