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Abstract. This paper will consider the behavior of the velocity obtained from the static spherically symmetric metric resulting from the square langragian 

of f(R) gravity. Metric is given by E. Pachlaner and R. Sexl in their paper [1]. Also It will be shown the expressions for radial and total velocity of  cosmos in 

one and two space dimensions and to discuss their behavior. The metric obtained from  the langragian which is different from Einstein’s by the square term 

of the Ricci scalar. The exact equations of fields are too complicated to be solved, it solved in weak field approximation.  

Action integral is: 𝑳 =  𝒅𝟒𝒙 𝑹 +
𝒂𝟐

𝟔
𝑹𝟐 −𝒈 + 𝟐𝒌𝜦(𝒙)  

Where:𝒈 = 𝒈𝟎𝟎𝒈𝟏𝟏𝒈𝟐𝟐𝒈𝟑𝟑 = −𝑨𝑩𝑪𝟐𝒓𝟒𝒔𝒊𝒏𝟐𝜽  and k is Einstein 

gravitation constant. 𝒂 is constant of dimension of length and R is 

Ricci scalar. 𝜦(𝒙) is action integral of matter fields. We used the 

static spherically symmetric metric proposed by E. Pachlaner and 

R. Sexl in their paper: On quadratic lagrangians in general 

relativity, Communication  mathematics physics 2 (1966), pp. 165-

175. 

𝒅𝒔𝟐 = 𝑨 𝒓 𝒅𝒕𝟐 −𝑩 𝒓 𝒅𝒓𝟐 − 𝑪 𝒓 𝒓𝟐𝒅𝜽𝟐 − 𝑪(𝒓)𝒓𝟐𝒔𝒊𝒏𝟐𝜽𝒅𝝋𝟐,  

Where A, B and C is function of radius. Matric elements of metric 

tensor are given: 

𝑨 𝒓 = 𝟏 −
𝒓𝒔
𝒓
−
𝒓𝒔
𝟑𝒓

𝒆−
𝒓
𝒂 

𝑩 𝒓 = 𝟏 +
𝒓𝒔
𝒓
+
𝟒𝒓𝒔𝒂

𝟐

𝟑𝒓𝟑
− 𝒆−

𝒓
𝒂
𝒓𝒔
𝒓
+
𝟒𝒓𝒔𝒂

𝟑𝒓𝟐
+
𝟒𝒓𝒔𝒂

𝟐

𝟑𝒓𝟑
 

𝑪 𝒓 = 𝟏 +
𝒓𝒔
𝒓
−
𝟐𝒓𝒔𝒂

𝟐

𝟑𝒓𝟑
− 𝒆−

𝒓
𝒂
𝒓𝒔
𝟑𝒓

+
𝟐𝒓𝒔𝒂

𝟑𝒓𝟐
−
𝟐𝒓𝒔𝒂

𝟐

𝟑𝒓𝟑
 

𝒈𝟎𝟎 = 𝑨 𝒓 , 𝒈𝟏𝟏 = −𝑩 𝒓 , 𝒈𝟐𝟐 = −𝒓𝟐𝑪, 𝒈𝟑𝟑 = −𝒓𝟐𝑪 𝒓 𝒔𝒊𝒏𝟐𝜽 

Cristoffel symbols : Г𝜺𝝂
𝜶 =

𝟏

𝟐
𝒈𝜶𝝈 𝒈𝝈𝜺,𝝂 + 𝒈𝝈𝝂,𝜺 − 𝒈𝜺𝝂,𝝈 . 

Cristoffel symbols Г𝛆𝛎
𝛂  different from zero for static spherically 

symmetric metric proposed by E. Pachlaner and R. Sexl are: 

Г𝟎𝟎
𝟏 =

𝟏

𝟐𝑩

𝒅𝑨

𝒅𝒓
,  Г𝟏𝟎

𝟎 = Г𝟎𝟏
𝟎 =

𝟏

𝟐𝑨

𝒅𝑨

𝒅𝒓
, Г𝟏𝟏

𝟏 =
𝟏

𝟐𝑩

𝒅𝑩

𝒅𝒓
,  

  Г𝟑𝟑
𝟐 = −𝒔𝒊𝒏𝜽𝒄𝒐𝒔𝜽, Г𝟐𝟑

𝟑 = Г𝟑𝟐
𝟑 = 𝒄𝒕𝒈𝜽 

Г𝟏𝟐
𝟐 = Г𝟐𝟏

𝟐 = Г𝟏𝟑
𝟑 = Г𝟑𝟏

𝟑 =
𝟏

𝟐𝑪𝒓𝟐
𝒅 𝑪𝒓𝟐

𝒅𝒓
, Г𝟐𝟐

𝟏 = −
𝟏

𝟐𝑩

𝒅 𝑪𝒓𝟐

𝒅𝒓
 

Г𝟑𝟑
𝟏 = −

𝟏

𝟐𝑩

𝒅 𝑪𝒓𝟐

𝒅𝒓
𝒔𝒊𝒏𝟐𝜽 

Geodesic equation for metric proposed by E. Pachlaner and R. 

Sexl in four dimensions are: 

𝒅𝟐𝒕

𝒅𝒑𝟐
+
𝟏

𝑨

𝒅𝑨

𝒅𝒓

𝒅𝒕

𝒅𝒑

𝒅𝒓

𝒅𝒑
= 𝟎 

𝒅𝟐𝒓

𝒅𝒑𝟐
+

𝟏

𝟐𝑩

𝒅𝑨

𝒅𝒓

𝒅𝒕

𝒅𝒑

𝟐

+
𝟏

𝟐𝑩

𝒅𝑩

𝒅𝒓

𝒅𝒓

𝒅𝒑

𝟐

−
𝟏

𝟐𝑩

𝒅 𝑪𝒓𝟐

𝒅𝒓

𝒅𝜽

𝒅𝒑

𝟐

       

−
𝟏

𝟐𝑩

𝒅 𝑪𝒓𝟐

𝒅𝒓
𝒔𝒊𝒏𝟐𝜽

𝒅𝝋

𝒅𝒑

𝟐

= 𝟎 

𝒅𝟐𝜽

𝒅𝒑𝟐
+

𝟏

𝑪𝒓𝟐
𝒅 𝑪𝒓𝟐

𝒅𝒓

𝒅𝜽

𝒅𝒑

𝒅𝒓

𝒅𝒑
− 𝒔𝒊𝒏𝜽𝒄𝒐𝒔𝜽

𝒅𝝋

𝒅𝒑

𝟐

= 0 

𝒅𝟐𝝋

𝒅𝒑𝟐
+

𝟏

𝑪𝒓𝟐
𝒅 𝑪𝒓𝟐

𝒅𝒓

𝒅𝝋

𝒅𝒑

𝒅𝒓

𝒅𝒑
+ 𝟐𝒄𝒕𝒈𝜽

𝒅𝝋

𝒅𝒑

𝒅𝜽

𝒅𝒑
= 𝟎 

 

In one space dimension the geodesic equations are: 

𝒅𝟐𝒕

𝒅𝒑𝟐
+
𝟏

𝑨

𝒅𝑨

𝒅𝒓

𝒅𝒕

𝒅𝒑

𝒅𝒓

𝒅𝒑
= 𝟎 

𝒅𝟐𝒓

𝒅𝒑𝟐
+

𝟏

𝟐𝑩

𝒅𝑨

𝒅𝒓

𝒅𝒕

𝒅𝒑

𝟐

+
𝟏

𝟐𝑩

𝒅𝑩

𝒅𝒓

𝒅𝒓

𝒅𝒑

𝟐

= 𝟎 

First equation becomes: 
𝒅

𝒅𝒑
𝒍𝒏

𝒅𝒕

𝒅𝒑
+ 𝒍𝒏𝑨 = 𝟎 

𝒅𝒕

𝒅𝒑
=
𝟏

𝑨
 

Second equation is: 

𝟐𝑩
𝒅𝟐𝒓

𝒅𝒑𝟐
𝒅𝒓

𝒅𝒑
+
𝒅𝑨

𝒅𝒓

𝟏

𝑨

𝟐
𝒅𝒓

𝒅𝒑
+
𝒅𝑩

𝒅𝒓

𝒅𝒓

𝒅𝒑

𝟑

= 𝟎 

𝒅

𝒅𝒑
𝑩

𝒅𝒓

𝒅𝒑

𝟐

−
𝟏

𝑨
= 𝟎 

𝑩

𝑨𝟐
𝒅𝒓

𝒅𝒕

𝟐

−
𝟏

𝑨
= 𝑲 = 𝒄𝒐𝒏𝒔𝒕.  𝐯 =

𝒅𝒓

𝒅𝒕
=

𝑨

𝑩
+ 𝑲

𝑨𝟐

𝑩
 

 

𝑲 = −𝟏, 𝒂 = 𝟏, 𝒓𝒔 = 𝟏, 𝒄 = 𝟏 
 

𝐊 = 𝟏, 𝐚 = 𝟏, 𝐫𝐬 = 𝟏, 𝐜 = 𝟏 

Radial velocity as a function of radius in AU in one dimension 

In two space dimensions geodesic equations are: 

𝒅𝟐𝒕

𝒅𝒑𝟐
+
𝟏

𝑨

𝒅𝑨

𝒅𝒓

𝒅𝒕

𝒅𝒑

𝒅𝒓

𝒅𝒑
= 𝟎,→

𝒅𝒕

𝒅𝒑
=
𝟏

𝑨
 

𝒅𝟐𝒓

𝒅𝒑𝟐
+

𝟏

𝟐𝑩

𝒅𝑨

𝒅𝒓

𝒅𝒕

𝒅𝒑

𝟐

+
𝟏

𝟐𝑩

𝒅𝑩

𝒅𝒓

𝒅𝒓

𝒅𝒑

𝟐

−
𝟏

𝟐𝑩

𝒅 𝑪𝒓𝟐

𝒅𝒓

𝒅𝝋

𝒅𝒑

𝟐

= 𝟎 

𝒅𝟐𝝋

𝒅𝒑𝟐
+

𝟏

𝑪𝒓𝟐
𝒅 𝑪𝒓𝟐

𝒅𝒓

𝒅𝝋

𝒅𝒑

𝒅𝒓

𝒅𝒑
= 𝟎 →

𝒅𝝋

𝒅𝒑
=

𝑲

𝑪𝒓𝟐
 

After substitute 
𝒅𝒕

𝒅𝒑
=

𝟏

𝑨
 and 

𝒅𝝋

𝒅𝒑
=

𝑲

𝑪𝒓𝟐
 in second equation  it gets: 

𝒅𝟐𝒓

𝒅𝒕𝟐
+ −

𝟏

𝑨

𝒅𝑨

𝒅𝒓
+

𝟏

𝟐𝑩

𝒅𝑩

𝒅𝒓

𝒅𝒓

𝒅𝒕

𝟐

+
𝟏

𝟐𝑩

𝒅𝑨

𝒅𝒓
−

𝟏

𝟐𝑩

𝑲𝑨

𝑪𝒓𝟐

𝟐
𝒅 𝑪𝒓𝟐

𝒅𝒓
= 𝟎 

where are: 

𝒇 𝒓 = −
𝟏

𝑨

𝒅𝑨

𝒅𝒓
+

𝟏

𝟐𝑩

𝒅𝑩

𝒅𝒓
 𝒂𝒏𝒅 𝒈 𝒓 =

𝟏

𝟐𝑩

𝒅𝑨

𝒅𝒓
−

𝟏

𝟐𝑩

𝑲𝑨

𝑪𝒓𝟐

𝟐
𝒅 𝑪𝒓𝟐

𝒅𝒓
 

Second equation becomes: 

𝒅𝟐𝒓

𝒅𝒕𝟐
+ 𝒇 𝒓

𝒅𝒓

𝒅𝒕

𝟐

+ 𝒈 𝒓 = 𝟎 𝒂𝒏𝒅 
𝒅𝒓

𝒅𝒕
=

𝟏

𝒅𝒕
𝒅𝒓

 𝒂𝒏𝒅 
𝒅𝟐𝒓

𝒅𝒕𝟐
= −

𝒅𝒓

𝒅𝒕

𝟑
𝒅𝟐𝒕

𝒅𝒓𝟐
 

Substitute first and second derivate in equation, equation becomes: 

𝒅𝟐𝒕

𝒅𝒓𝟐
− 𝒇 𝒓

𝒅𝒕

𝒅𝒓
− 𝒈 𝒓

𝒅𝒕

𝒅𝒓

𝟑

= 𝟎 

Solution above equation is: 

𝒅𝒓

𝒅𝒕

𝟐

=
𝑪𝟏 −  𝟐𝒈𝒆 𝟐𝒇𝒅𝒓𝒅𝒓

𝒆 𝟐𝒇𝒅𝒓
 

  

Substitute function f(r) and g(r) in the above expression is obtained:                                                                                                 

𝒗𝒓 =
𝒅𝒓

𝒅𝒕
=

𝑨

𝑩
𝑪𝟏 +

𝟏

𝑨
−
𝑲𝟐

𝑪𝒓𝟐
 

𝒗𝝋 = 𝒓
𝒅𝝋

𝒅𝒕
=
𝑨𝑲

𝑪𝒓
 

 

 [1] E. Pachlaner and R. Sexl, On quadratic lagrangians in general    

  relativity, Communication  mathematics physics 2 (1966), pp. 165-175. 

Radial velocity as a function of radius in AU in one dimension 

Transverse and radial velocity as a function of radius in AU in two dimensions 

𝑲 = 𝟏, 𝒂 = 𝟎. 𝟏, 𝒓𝒔 = 𝟎. 𝟎𝟖, 𝒄 = 𝟏 
𝑲 = 𝟏, 𝒂 = 𝟏, 𝒓𝒔 = 𝟏, 𝒄 = 𝟏 

𝑪𝟏 = 𝟏 


