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Abstract. Hans Adolph Buchdahl was born in Mainz in German in a Jewish
family. He was Australian Physicist and he was born 7 July 1919 and died 7
January 2010. He worked on general relativity, thermodynamics and optics. He
was the founder of the modified theory of gravity of the f(R) type, where f(R) is
general functions of Ricci scalar, unlike Einstain’s general theory of relativity
f(R)=R. He proposed f(R) gravity first in in his paper 1970 [1]. He set up the
field equations of f(R) gravity. Also he is known for developing Buchdahl’s
theorem which is an relation between the mass and radius in the static,
spherically symmetric matter configurations. This paper will present his
historical work on the creation of f(R) gravity as the founder of f(R) gravity, and
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also 1n one chapter 1t will be represented Buchdahl’s theorem.
Hans Adolf Buchdahl was born in Mainz, Germany, in a Jewish family His
older brother Gerd Buchdahl was a philosopher in science. In 1933, Gerd and
Hans went to England, to escape the Nazi government. At London, he finished a
BSc and became the Associate of the Royal College of Science (ARCS) from
Imperial College. When World War Il began, the UK government all German
nationals including many Jewish refugees deported to Australia. In July 1940,
Hans came to Australia together with Gerd on board the HMT Dunera. First he
was initially at Hay in New South Wales, then at the Tatura centre in Victoria in
May 1941. He had mathematical abilities so he was released on a guarantor
program and got the job at the Physics Department of the University of
Tasmania in Hobart. There he had to assist the overloaded teaching staff
involved in wartime military research in optics. In 1949, he received his
doctorate from University of Tasmania. In 1956, he was awarded a PhD from
Imperial College London. From 1963 he was professor and head of the
Department of Theoretical Physics in the Faculty of Science at the Australian
National University in Canberra until he became pensioner 1984-1985. He
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married Pamela Wann in 1950 and they had three children. He died in Adelaide,
Australia, on 7 January 2010.

BUCHDAHL THEOREM

Buchdahl proposed spherically symmetric general time invariant metric which
take form ds? = e¥c2dt? — e2Mdr?2 — 2402 — r2sin20dp? where v and
A are function of radius r and c is velocity of light. Matric elements of metric
tensor are given:

goo = €', g1y = —e*, gy, = —12, g3 = —12sin?0,
Cristoffel symbols are given: T'%, = = g““(g(,&v + Gove — Gevs)s Where

09y :
[fay = v and gupq = ag"fx Cristoffel symbols TI'§, different from zero for

. _ eV =1 gy (1) da(r)
Buchdahl proposed metric are: Tg, = - o ri; = = 1, =
—re M I, = —re ) 11, = —re=*Msin?9, I, =Th, = %
F%l — F%l — F 12 — F13 — %, F33 — _SlnHCOSH, F%3 — ng - Ctg@
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Riccli tensor R, and Ricci scalar R are expressed:

— Ta a a pe £ ra
Ruv — Fua,v T Fuv,a + Fevrua _ Fuv Fea

2 2
Ry, = V(=AM (_ Ty L o d 1) ) Rqs = Ry,sin?0

2dr? rdr 4drdr 4 E

o A _dd dv d)l_l_l(dV)zR i _A(r(dv d)t)_l_l)
W™ odr2 rdr 4drdr 4 \dr 22 — ¢ 2\dr dr ’
d2v 2dv dvdr 1 (dV)Z . 2dA 2> 2

+r—2,

dr? rdr T 2drdr 2

dr

R=¢ A [ _
¢ < rdr 1?2

Einstein equation Is: G,,, = R, — %gwR = i?—fTw

To demand continuity of the stress-energy tensor:

VMTVM — 0, Where TOO — pCzev, T11 — T22 - T33 — P@A



There are three equations of field

BTG 5y eayGA y  a_, _26M
P, ﬁ f— —
c? —~z P rdre ¢ rc?

8l _ dv
—C—ZPT' =1+4+e ( 7"%—1)

26M1~ 1 126M  8nG
> +
rc

Second equation get next shape — = [1 — Pr2]

rc? c?

_ _ _ W nie AP (pc®+P\ dv
The relation of third equation V, T, = 0 Is: = ( > )dr

So the final equation is Tolman-Oppenheimer-Volkoff equation:

dP 1(pc2+P>[ ZGM] IZGM 8nG 2]

dr r 2 rc? rc?



A simple model the density is constant out to the surface of the star
4.3
r<R —Tr°p r<R
p(r)={p },m(r)= P
0 r>R M=§an r >R

The expression for the pressure in this simple model is:

R\/ _Zsz_ p3 _ 2GM
2
\/RB—ZCG,ZM7~2—3R\/R—ZSZM

The pressure and density must be greater than zero, D(r) becomes less than zero
forr = 0.

2GM 2GM 2GM
D(r):\/R3— = r2—3R\/R— ~=, D(0)=VR®-3R /R— =<0

4R _9GM _9
oG '~ acz —g's
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f(R) GRAVITY
Theory of general relativity 1s based on Einstain’s equations which calculate
from a variation of the density field Langragian A = R + constant (R is Ricci
scalar) and equations have the next shape: F,, = +kT,,, where k is constant,
P, is geometric tensor which depends on metric tensor g, and their derivates,
and T, Is tensor of energy momentum which present the source of the
gravitation field. Also tensor T,,, satisfies

VAT, =0
where V¥ Is covariant derivate. In Einstain theory of general relativity B, =

Rw—% guwR —Ag,,. Buchdahl proposed to put the density Langragian is

A= f(R), general function of Ricci scalar R. He proposed following
expressions for function f(R) = )i f,R™ where f,, is constant which dimension

2
is (length)?™ 2 and more realistic function f(R)=\/((R+$) +%)

where | is fundamental length.



DERIVATION OF FIELD EQUATION FROM LANGRAGIAN

L=-gf(R)

Determinant of metric tensor is g. Next equations are useful expressions.
Variation of

df 1
S[y=af] = =9 (35 R + 59 (5905
df 1 af
= V=39 (55 9 8Rap + (5 9apf + 75 Rap)0g)
Ruv = Fﬁa,v - Fﬁv,a + ngrfwc - Ffw o
OR,y = 6Ty =00 o
a 1 af
8Ty =9 (Vv89p, +V,695, — V89,1)
gt oR,, = Va(g’“‘“(SFﬁa—g“"6Fﬁv)
g* R, = =9,y Vo V69" +V, V69
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5(y-9f) _ Y
\/_g dR
df df 1 df

B = —9uwVa v“ﬁ+v vvdR 5 “Vf-l—dR

And the equation from Buchdahl paper is:

_df df 1 ar .
9 VeV Gp = Vilv g T 29w ~ g Ruw

df _ d’f df
= ——V,RV,R
T dRZVVR+dR3V vV,

Zf Sf 3f 2f
dRZV V,R — IR ——3 VRV R+gwd BVQRV“R+ng 5
df
—d—RRMv =kTuv

af
R,)6g*"

1
~guwVaV 09" + Y,y 89" ) + (=5 guwf + 75

= kT,

v,V

1
Va.V*R + Zg‘Wf



Final equation in Buchdahl paper from 1970 year is:

d? d’f df
gz T (CVuVyR+9,,VaV*R) R

dRZ dR ™

(—-V,RV,R+g,,V,RV°R)

1
+ Eguvf = kTuv
V. IS covariant derivate. For scalar V.= aﬂ

Conclusion for Buchdahl theorem. Central pressure of star Sun in function
of radius. This central pressure diverges at the Buchdahl bound. The value
R>9GM/4c? is an absolute lower limit for all static fluid spheres whose
density does not increase outwards.
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Spherical static symmetry.

Termodynamic stability: density of matter is a non increasing function of
radial distance. Mass to radius ratio limit is 4/9.

If an object exceeds the Buchdahl limit it means that exist new type object

which not covered by classical theory. The central pressure p(0) will be
Infinity, if the mass exceeds Buchdahl limit.
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Central pressure P(0.01Pa) of star Sun in function of radius r(m).
R=700000km, p=1500kg/ m?3
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